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Purpose. Development of mathematical models of electromechanical AC converters invariant to the speed of
rotation of the coordinate system using as state variables of electromechanical converters the modules of the resulting
vectors of three-phase variables and their phase shifts relative to each other for the development of new structures of
automated asynchronous electric drives.

Methodology. Mathematical modeling methods for electromechanical systems, numerical methods for solving
systems of first-order differential equations for the development of mathematical models of AC electromechanical
converters invariant to the rotational speed of the coordinate system.

Findings. The reviewed mathematical models of electromechanical converters made it possible to reproduce their
steady-state and dynamic processes with the same accuracy as models in Cartesian coordinates. The use of phase shifts
of the resulting vectors relative to each other as state variables for the electromechanical converter allowed for the
derivation of mathematical models in which all variables are limited in magnitude and have constant values in the
steady-state mode, regardless of the coordinate system's rotational speed. Studies performed using the proposed models
indicate that the vector and circular diagrams, which are traditionally used for analyzing the steady-state modes of
electromechanical converters, characterize the angular position of some vector variables with an accuracy of a
multiple of 27K.

Originality. The proposed mathematical model of AC electromechanical converters is invariant to the rotational
speed of the coordinate system, which allows the use of the modules of the resulting vectors of three-phase variables
and their phase shifts relative to each other as state variables of electromechanical converters.

Practical value. The proposed mathematical models make it possible to obtain the amplitude values of the vector
variables, their angular position relative to one another, instantaneous cosg values (and so on), without additional
calculations.
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I. INTRODUTION torque. Fragments of induction motor equations, in which
vector variables are represented by their polar
coordinates, are finding increasing application both in the
design of automatic control systems for induction electric
drives and in the analysis of their dynamic and steady-
state modes [1, 2]. Work [3] provides six variants for
writing such equations, which describe the processes in an
unsaturated squirrel-cage induction motor under generally
accepted assumptions [4]. However, equations in polar
coordinates have been studied little, and their properties
have been insufficiently explored. This limits the
application of such equations in engineering practice.

Mathematical modeling is currently one of the
highest priority approaches for determining and
investigating the characteristics of various types of
electromechanical converters. When mathematically
modeling electromechanical processes in an induction
motor with a solid rotor, it is necessary to take into
account the non-linearity of the ferromagnetic material,
the slotting of the cores, and eddy currents in the rotor.
Modern simulation programs account for these factors
during the calculation of instantaneous states of the
electromagnetic field: determining winding flux linkages,
losses in the steel and windings, and the electromagnetic
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II. ANALYSIS OF LAST RESEARCHES

The development and improvement of mathematical
models for induction motors (IM) remains a relevant area
of research in electrical engineering, as model accuracy
directly affects the efficiency of control, diagnostics, and
design systems. In recent years, the main focus has shifted
from classical models to accounting for nonlinearities,
magnetic saturation, temperature effects, and the use of
modern identification and simulation methods.

Traditional d-q models, based on generalized motor
theory, often assume a linear magnetic circuit. In modern
research, the influence of saturation on the dynamics of
induction motors is actively investigated. The 'Nonlinear
d-qg model of an induction motor considering cross-
saturation' [5] represents an improved model that uses
cubic splines or special functions to describe the
dependence of inductances on current. This allows for
accurate prediction of transient processes under high load
conditions. In [6] proposes a model that includes the
temperature  dependence of parameters (winding
resistances), which is critically important for thermal
protection and assessing the service life of the induction
motor.

For systems requiring high dynamic accuracy,
advanced vector control and direct control models are
actively being developed. In [7], the authors focus on
improving flux linkage vector observers. The authors
modify the classical model to minimize the flux
estimation error at low speeds. Work [8] uses a multi-
dimensional model to estimate additional losses and
torque pulsations caused by non-sinusoidal supply.

To achieve the most accurate analysis of magnetic
fields and loss distribution, finite element method (FEM)
models are used. Recently, hybrid approaches that
combine the speed of d-q models with the accuracy of
FEM have become popular. Research in [9] proposes a
methodology in which non-linear characteristics obtained
using FEM are integrated into the d-q model in the form
of tables or approximations, significantly increasing
accuracy without substantially slowing down the
simulation. The paper [10] discusses modern algorithms
(e.g. genetic algorithms or swarm intelligence) for
improving the accuracy of model parameter estimation in
real time.

Modern electric drive control systems often use
models to predict motor behavior several steps ahead
(model predictive control, MPC). In [11], the focus is on
developing models optimized for digital implementation.
Particular attention is paid to the choice of the sampling
step and the linearization of nonlinear dependencies to
reduce the computational load of the controller. In the
article [12] the imperfections of the semiconductor
inverter (dead time, PWM delays) are taken into account,
integrating them into the general mathematical model of
the engine for more accurate prediction.

Accurate mathematical models are needed to
develop diagnostic algorithms based on State Observers
that compare measured and calculated parameters. The
study [13] proposes an extended d-q model, where the
stator windings are divided into several sections with the
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introduction of additional resistance at the fault location.
This allows for the simulation of a fault signature (e.g.,
characteristic current harmonics) for subsequent
diagnostics. In [14], the influence of rotor asymmetry on
the model parameters is analyzed and adaptive observers
are proposed for accurate state tracking even under defect
conditions.

The skin effect in deep rotor slots and bars becomes
especially important when operating with frequency
converters, when the rotor currents have a high frequency.
In publication [15], two equivalent rotor windings
(internal and external) are used to more accurately reflect
the change in rotor resistance and inductance depending
on the slip frequency. This is critical for accurate
prediction of torque and efficiency over a wide speed
range. In the article [16] he demonstrates how improved
models that take into account frequency dependence
allow for more accurate calculation of additional losses
and increase the accuracy of thermal modeling.

An analysis of publications shows that modern
research is focused on creating refined, nonlinear, and
adaptive mathematical models of induction motors. The
primary focus is on improving accuracy by taking into
account physical phenomena (saturation, temperature) and
integrating complex numerical methods (FEM) into faster
dynamic models (d-q). This is critical for the development
of high-precision and energy-efficient electric drive
systems.

III. FORMULATION OF THE WORK PURPOSE

Development of mathematical models for AC
electromechanical converters that are invariant to the
rotational speed of the coordinate system, utilizing the
moduli of the resulting vectors of three-phase variables
and their phase shifts relative to one another as state
variables for the electromechanical converters, with the
aim of developing new structures for automated induction
electric drives.

IV. EXPOUNDING THE MAIN MATERIAL AND
RESULTS ANALYSIS

As noted in [4], the most widely used differential
equations are those in which the relationship between the
electromagnetic torque M, of the motor and the resulting
stator voltage vector Uy is expressed through intermediate
vector variables, the stator current i, and the rotor flux
linkage , (the iy, system), or the stator flux linkage
and the rotor flux linkage w, (the y—, system).

For the given combinations of vector variables, these
equations in polar coordinates have the form for model in
i, variables:

di
U -cos(0, _His):’”e(TeﬁJFis]*-A

Koz 0, sin(ﬁis _9'//)‘ )—
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where , U, i, W, are the magnitudes of the resulting
vectors for stator voltage, stator current, stator flux
linkage, and rotor flux linkage, respectively; Oy, O, O,
O, are the angles of the corresponding vectors (angles
between the respective vectors and the polar axis); @y, @
are the angular velocities of rotation of the polar axis and
the rotor of the electrical motor;, M, M, are the
electromagnetic torque of the motor and the static load
torque; z, is the number of pole pairs of the stator
winding; J is the total moment of inertia, referred to the
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motor shaft; L,, Ly, L,, r,, r, are the parameters of the
induction motor circuits, referred to the stator winding; L,
= (s - L,) + K(L, - L,) is the equivalent leakage
inductance of the motor phase; r, = r, + Krzr, is the
equivalent active resistance of the motor phase; L'y = (1 -
K, K) L, and L', = (1 - K; K,) L, are stator and rotor
leakage inductances; T,= L, / r, and T,= L, / r, arc
electromagnetic time constants of the motor's main circuit
and the rotor circuit; K=L,, / Lyand K,= L,, / L, are stator
and rotor coupling coefficients.

It should be noted, that the derivatives in the second
and fourth equations of equation systems (1) and (2)
feature the arguments of the resulting vectors as state
variables, which are dependent on the position and
rotational speed of the polar axis of the coordinate system.
The arguments of the trigonometric functions are the
differences in the arguments of these vectors, which are
independent of the position and rotational speed of the
polar axis, and which must be calculated additionally.
Furthermore, if the rotational speed of the coordinate
system is not synchronized with the rotational speed of
the resulting vectors, the variables O, Oy, O, O, Will
increase indefinitely (including when @;=0). This must be
taken into account both when conducting research using
such models and when designing control systems for
these variables.

Mathematical models of the induction motor are
more convenient, when the signals

(pusis = ‘gus - His) (13)
¢usWs = eus - el//s’ (14)
(/’isy/r = gl's _9(//’,’ (15)

Vsvr - HV/S _HV/V) (16)

characterizing the mutual angular position of the
corresponding vectors relative to each other are used as
state variables.

To obtain such models, the following equation is
introduced in addition to equation systems (1)-(6) and (7)-
(12):

de,
=@y, — o, (17)
dt

where @y is the rotational speed of the resulting stator
voltage vector relative to the stationary axis in space.

In this case, @y, is the frequency of the three-phase
voltage supplying the motor.

If we subtract the equations (2) and (8) from
equation (17) and also subtract the equations (4) and (10)
from equation (2) and (8). And we perform the
substitution of wvariable from (13)-(16) into these
equations, we can represent the mathematical models of
the induction motor in the following form:

- for the model in i~y variables
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Pisy, __r Trts Sm((o’xl”r ) -0, z,0, (21) are invariant to the rotational speed of the coordinate
dt Yy ’ system, and the variables @y, Uy, iy, Wy, Wr, @usyss Pusyr are
limited in magnitude and have constant values in the
Jd_a) M. -M (22) steady-state mode. Mathematical models of the induction
dt ¢ ¢ motor for any other combination of resulting vectors can
3 be obtained in a similar manner. The variables @y (Pusys),
M, ==K,z iy, Sin((ﬂisl//r) (23)  represent the phase shift between the stator voltage vector

U, and the stator current vector i (the rotor flux linkage

vector ;). The derivative of @ysPusys) With respect to

time is the rate of change of the phase shift, or, in other

r (L. dy words, the absolute slip of the resulting stator current

Us COS((ﬂu v ):_S, —— Sty |- vector (rotor flux linkage vector) relative to the resulting
T L\ dt voltage vector.

- for the model in y—, variables

T In view of the foregoing, the structural diagrams
S L’A vy COS(‘/’V/S% ) (24) (fig.1 and fig.2) of the induction motor correspond to
s equations (18)-(23) and (24)-(29).
do, K,r
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U&‘ i M.
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Figure 1. Computational model of an induction motor in i, variables
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Figure 2. Computational model of an induction motor in y,—, variables

However, difficulties arise in the modeling process
concerning the operability of such models, due to the
presence of a division by zero regime. These difficulties
are easily eliminated by introducing negligibly small
initial values for the moduli (magnitudes) of the vector
variables.

In accordance with these diagrams, studies of all
possible operating modes for a large number of 4A series
induction motors were performed using the Matlab
application software package. Processes were investigated
in motors of various power ratings, nominal parameters,
numbers of pole pairs, etc. The studies were carried out in
comparison with the results obtained using models in
Cartesian coordinates (d-g models).

As an example, fig. 3 — fig. 8 shows the graphs of
the change in the state variables of a 4A132M4U3
induction motor during a direct start at nominal supply
network parameters.

The conducted studies indicate that by using
equations (18)-(23) and (24)-(29) and the computational
model corresponding to fig.1 and fig.2, the
electromagnetic torque and the rotational speed of the
rotor shaft of the induction motor can be calculated with
the same accuracy as when using equations in Cartesian
coordinates (fig. 3, fig. 4).

Oscillogram in fig. 5 characterizes the instantaneous
amplitude values of the stator winding phase currents, and
oscillogram in fig. 6 shows the instantaneous values of the
amplitude of the rotor winding flux linkage space wave.
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Figure 3.Oscillogram of the electromagnetic torque of

the 4A132M4U3 induction motor during a direct start
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Figure 4.Oscillogram of the angular velocity of the
4A132M4U3 induction motor during direct start
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Figure 5. Oscillogram of the change in the RMS value of
the stator current of the 4A132M4U3 induction motor

during direct start
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Figure 6.Oscillogram of the change in the rotor winding
flux linkage of the 4A132M4U3 induction motor during

direct start

The curve in fig. 7 illustrates the phase shifts
between the phase voltages and currents of the stator
winding, which do not exceed the value of @/2 in the
steady-state mode. The phase shifts between the stator
current vector and the rotor flux linkage vector (fig. 8)
can exceed several revolutions and are characterized by
the relationship @s,,=2-mK+A4 Preye

dusts, rad
25 - .

i 1 1 1 1 i 1 1 1

0
0 005 01 015 02 03 035 04 045

Figure 7. The value of the phase shift between the stator
voltage and current vectors of the 4A132M4U3 induction
motor during direct start
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Figure 8. The value of the phase shift between the stator
current vector and the rotor flux linkage vector of the
4A132M4U3 induction motor during direct start

Where, K is an integer whose value is determined by
the motor type and parameters, as well as the algorithm
for forming its dynamic modes; A ¢y, is the angular
displacement less than one revolution.

The presented equations and structural diagrams
yield a new set of induction motor state variables (moduli
and phase shifts of the resulting vectors), which can serve
as a basis for creating new, competitive structures for
automatic control systems of induction electric drives,
relative to existing ones.

When conducting research using the developed
models, information regarding the angular position and
rotational speed of the coordinate system is not required.

V.CONCLUSION

The mathematical models of the induction machine
were reviewed, which made it possible to reproduce its
steady-state and dynamic processes with the same
accuracy as models in Cartesian coordinates.

The use of phase shifts of the resulting vectors
relative to each other as the state variables of the
induction machine allowed for the creation of
mathematical models in which all variables are limited in
magnitude and have constant values in the steady-state
mode, regardless of the coordinate system's rotational
speed.

The operability of the presented mathematical
models, when organizing the computational process in
digital form, is ensured by introducing negligibly small
initial values for the magnitudes of the vector variables.

Studies performed using the proposed models
indicate that the vector and circular diagrams,
traditionally used for analyzing the steady-state modes of
the induction machine, characterize the angular position
of certain vector variables with an accuracy of a multiple
of 2nK, where K is an integer.

The proposed mathematical models make it possible
to obtain the amplitude values of the vector variables,
their angular position relative to each other, the
instantaneous values of cos@, etc., without additional
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calculations.
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Mema pobomu. Pospodxa mamemamuyHux mooeneli eleKmpoMexaHiuHuX Nepemeoprogayie 3MIHHO20 CIMpPYMY
iHeapiaumHux 00 WBUOKOCMI NOBOPOMY CUCHeMU KOOPOUHAM 3 BUKOPUCMAHHAM 8 AKOCMI 3MIHHUX CMAHy
eN1eKMmpOMexXaHiuHUX nepemaoprogaiie MoOyiie pe3yibmydux 8eKmopie mpudasHux 3MiHHux ma ix azoeux 3pyuieHs
BIOHOCHO 0OUH 00OH020 OJisL PO3POOKU HOBUX CIPYKIMYD AGMOMAMU308AHUX ACUHXPOHHUX eLeKMPONPUBOOIs.

Memoou 0ocniddcenns. Memoou MaAmeMamuiHo20 MOOENO8AHHS eLeKMPOMEXAHIYHUX CUCMEM, YUCETbHL
Memoou wooo supiweHHs: cucmemu OuepeHyiliHuUX Pi6HAHb NepPuLo20 NOPSOKY OJi PO3POOKU MAMEMATMUYHUX MOOeLell
ENeKMPOMEXAHIYHUX Nepemeopiosauie 3MIHHO20 CMpyMy IH8APIAHMHUX 00 WEUOKOCMI NOGOPOMY  CUCMEMU
KOOpOUHam.

Ompumani pesynomamu. Poszensnymi mamemamuyni MoOeni eleKmpOMeXaHIYHUX Nnepemeoprosayis, sKi
00380aUTU GIOMBOPIOBAMU YCAAEHT MA OUHAMIYHI Npoyecu 3 MICI0 HC MOUHICMIO, WO U MOOeli 8 O0eKapmosux
Koopounamax. Bukopucmanna 6 aAxocmi 3MIiHHUX CMAHY eNeKmpOMeXaHiuHo20 Nnepemseoprosaya (azosux 3pyuieHs
Pe3VIbMAMUHUX 8EeKMOPI6 w000 00UuH 00 00HO20 00360JUN0 OMPUMAMU MAMEMATNUYHT MOOei, 8 AKUX 6CI 3MIHMI
obMediceti 3a BeUUUHOIO | 8 YCIMANEHOMY PENCUMI MAIOMb NOCMIUHT 3HAYEHHS He3ANeHCHO 8I0 WUBUOKOCMI 00epmanHsl
KoopOounamuoi cucmemu. Bukonani 3a 0onomozcoio 3anpononosanux mooeneil 00CiodceHHs ceiouams npo me, wo
B8eKMOPHI ma Kpy2o8i diazpamu, sKi GUKOPUCMOBYIOMbCSL OISl AHANI3Y 8CMAHOBIEHUX PENCUMIE eNeKMPOMEXAHIUHUX
nepemeopiosayis, Xapakmepuzyioms Kymoge NOI0NCEHHs, 0eKUX GeKMOPHUX 3MIHHUX 3 mounicmio Kpamuoi 2rK.

Haykosa Hosuzna. 3anponoHogana mamemMamuyHa MOOelb eNeKMpPOMEXaHIYHUX Nepemeoproeayie 3MiHHO20
cmpymy  iH8ApIGHMHUX 00 WBUOKOCMI NOGOPOMY CUCMEMU KOOPOUHAm, sKA O00360J5€ 3ACMOCYBAMU MO0V
Pe3VIbMyIouUx 8eKmopie mpughasHux sMiHHux ma ix ¢pazo6ux 3pyuiens 8iOHOCHO 0OUH 0OHO20 8 AKOCTI 3MIHHUX CMAHY
€1eKMPOMEXAHTUHUX NePemEopIsayis.

Ilpakmuuna wuinnicms. 3anpononogani mamemamuyni MoOeri 0038045I0Mb 6e3 000amKO8UX 00UUCTIeHb
ompumysamu aMniimyoHi 3HAYeHHs BeKMOPHUX 3MIHHUX, IX Kymose NONONCEeHHA U000 O0OUH OOHO20, MUMMES]
3HAYEHHsL COSP, MOUO.

Kniouosi cnosa: acunxponnuii 0suzyn, pe3yibmylouuil 6eKmop, MamemMamuyti mooeni, noaapHi Koopounamau,
WeUOKICmb 00epmanHs
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